We establish new upper bounds for the length of runs of consecutive positive integers each with exactly k divisors, where k is a given positive integer of some special forms. Also we have found exact values of the maximum possible runs for some fixed values of k. In addition, we exhibit the run of 11 consecutive positive integers each with exactly 36 divisors, the run of 13 consecutive positive integers each with exactly 12 divisors, the run of 17 consecutive positive integers each with exactly 24 divisors, and the run of 17 consecutive positive integers each with exactly 48 divisors.
Function M(k)
Unless explicitly stated otherwise, integers in this paper are assumed to be positive integers. For a integer n, let τ (n) denote the number of divisors of integer n. Following [1, 2] , we say that integers m and n are equidivisible if τ (m) = τ (n).
It is commonly known that
i is the prime factorization of n.
Equation (1) trivially implies that n is an exact square if and only if τ (n) is odd. Since consecutive integers cannot all be exact squares, the number of divisors of any consecutive equidivisible integers must be even. At the same time, for some even k, one can find relatively long runs of consecutive integers with exactly k divisors each. For example, τ (242) = τ (243) = τ (244) = τ (245) = 6. On the other hand, as we will see from Lemma 1 below, the maximal length of such runs is bounded for any k, which inspires the following definition.
For an integer k > 0, we define M (k) as the maximal length of the run of consecutive equidivisible integers with exactly k divisors each.
It is clear that M (k) = 1 for all odd k. Therefore we will always assume that k is even. It is also clear that M (2) = 2 and M (4) = 3. Exact values and upper bounds of M (k) for some other even k are given in [1, 2, 3] .
In the present paper, we give several new upper and lower bounds of M (k) for k of some special forms. We also obtain many new exact values of M (k). Finally, we present three longest known runs of 17 consecutive equidivisible integers.
Proof. Assume that M (k) ≥ 2 2 s +1 and consider a run of 2 2 s +1 consecutive integers with k divisors each. Among them, there exist two that are congruent to 2 2 s −1 and 3 · 2 2 s −1 modulo 2 2 s +1 . Let a be the smallest of these two integers. Then the other one is b = a + 2 2 s . We have a = 2 2 s −1 a ′ and b = 2 2 s −1 (a ′ + 2), where a ′ is odd.
By multiplicativity of τ (n), we have
That is, both a ′ and a ′ + 2 must be squares, which is impossible. Theorem 1. For any odd prime p or p = 9, M (6p) ≤ 5.
Proof. For p = 3, it is known that M (18) = 5 [2] . For the rest assume that p > 3.
It is easy to see that for an integer n ≡ 6 (mod 8), it is not possible to have τ (n) = 6p. Therefore, any run of integers with 6p divisors must occur within consecutive integers n 7 , n 0 , n 1 , n 2 , n 3 , n 4 , n 5 , where n i ≡ i (mod 8). If the number of divisors of either of n 0 , n 1 , n 2 , n 3 , n 4 is not 6p, then the statement holds trivially. We therefore assume that τ (n 0 ) = τ (n 1 ) = τ (n 2 ) = τ (n 3 ) = τ (n 4 ) = 6p.
Since n 2 ≡ 2 (mod 8) and τ (n 2 ) = 6p, we have n 2 = 2q
, where q 2 , r 2 are distinct odd primes. In particular, n 2 = 2x 2 for some odd integer x. Since n 1 = n 2 −1 = 2x 2 −1 ≡ 0 (mod 3), either n 2 or n 3 is divisible by 3.
(i) Suppose that n 2 = 2x 2 is divisible by 3, implying that it is also divisible by 9. If τ (n 7 ) = 6p, then n 7 = 3y 2 for some integer y. However, 3y 2 ≡ 7 (mod 8). Hence τ (n 7 ) = 6p. Similary if τ (n 5 ) = 6p, then n 5 = 3z 2 for some integer z. However, 3z 2 ≡ 5 (mod 8). Therefore τ (n 5 ) = 6p.
Thus in this case M (6p) ≤ 5.
(ii) Suppose that n 3 is divisible by 3. If 9 | n 3 , then n 0 = 3y 2 for some integer y and thus n 3 = 3y 2 + 3 ≡ 0 (mod 9), a contradiction implying that 9 ∤ n 3 . We have n 2 = 2x 2 and n 3 = 3t 2 for some integers x, t. Hence, neither of n 2 , n 3 is congruent 1 or 4 modulo 5, implying that 5 | n 0 .
If p is the odd prime, then n 0 = 45 · 2 p−1 or n 0 = 75 · 2 p−1 . Since the smallest positive integer n coprime to 2 · 3 · 5 with τ (n) = 6p divisors is n = 13 · 11 2 · 7 p−1 , it cannot be a neighbor of n 0 , implying that n 0 and n 1 can not be in the run together.
However, for all these cases n 1 has not 6p divisors.
Thus, in case (ii) we showed that n 0 can not be in the run.
Note, that all known runs of integers each having 6p divisors for p described in Theorem 1 start with n 1 . Now let k be congruent to 2 or 10 modulo 12.
Proof. By Lemma 1, M (k) ≤ 7 and possible remainders of consecutive integers each with k divisors are: 5, 6, 7, 0, 1, 2, 3. By Lemma 2, numbers with remainders 6 and 2 cannot be simultaneously present in the run of integers each with required number of divisors.
Just as in Theorem 1 it can be shown that number congruent to 6 modulo 8 cannot belong to the run. Proof. Suppose that there exists the run of 5 consecutive integers with 2pq divisors. According to the above remark it must consist of the numbers n 7 , n 0 , n 1 , n 2 , n 3 where n i ≡ i (mod 8).
By the same arguments as in the proof of Theorem 1, one can show that:
1. If n 1 ≡ 0 (mod 3), then n 1 and n 2 cannot be equidivisible since 2x 2 − 1 ≡ 0 (mod 3).
2. If n 2 ≡ 0 (mod 3), then n 7 and n 2 cannot be equidivisible since 3x 2 + 3 ≡ 0 (mod 9).
3. If n 3 ≡ 3 (mod 9) or n 3 ≡ 6 (mod 9), then n 0 and n 1 cannot be equidivisible since
4. If n 3 ≡ 0 (mod 9), then n 0 and n 3 cannot be equidivisible since 3x 2 + 3 ≡ 0 (mod 9).
Duentsch and Eggleton [1] showed that M (2p) ≤ 3 for each prime p greater than 3. We managed to extend this inequality for some other k cogruent to 2 or 10 modulo 12.
We need the following obvious statement:
Lemma 5. Let n, s be integers and s be odd, n > 1. Then gcd(n − 1,
Proof. We will keep to the notation introduced in the proof of Lemma 4.
By Lemma 4, if there exists a run of 4 consecutive integers each with k divisors, then it would contain numbers n 0 and n 2 . Possible prime factorizations of n 2 are 2r
First we note that every number in the run (not only n 2 ) cannot contain more than three different prime factors in its prime factorization.
1. 4 is a divisor of d. Then n 2 = 2a 4c where c > 1, a is odd.
gcd(a c − 1, a c + 1) = 2, a 2c + 1 is divisible by 2 and is not divisible by 4 and the factors of (2) have no common divisors except 2. Neither a c − 1 nor a c + 1 can be a power of 2. It follows from the Mihȃilescu's theorem (the former Catalan's conjecture) [4] that (8, 9 ) is the only pair of consecutive integers, each of which is a nontrivial power. The fact that a c cannot be equal to 9 is verified directly. Thus, the prime factorization of n 0 includes the number 2 and at least three other different prime numbers. But this is impossible. Therefore, the numbers n 0 and n 2 cannot simultaneously belong to the run of consecutive integers having 2pq divisors.
2. c is an odd prime divisor of d. Then n 2 = 2r
. Anyway n 2 = 2a 2c for some odd a.
Again, none of the numbers a c − 1, a c + 1 can be a power of 2. Since (a c − 1)/2 and (a c + 1)/2 are coprime, there are at least 3 different primes in the prime factorization of n 0 . Exponent of the prime 2 cannot be less than 4. Thus the only possible representation of n 0 is 2 p−1 r q−1 0 s 0 for some odd primes r 0 and s 0 .
Using this expression in (3) we obtain the following two cases:
Consider the equalities (4). The third of them implies that
From the equalities a − 1 = 2 p−3 and a + 1 = 2r α 0 we get r α 0 − 2 p−4 = 1. It is easely verified that r 0 = 3. Hence, by Mihȃilescu's theorem, α = 1. From Lemma 5 we get r 0 = c. Hence a + 1 = 2c and a − 1 = 2c − 2 = 2 p−3 . Thus c = 2 p−4 + 1. Since c is odd prime factor of p − 1 then p ≥ 7. Therefore 2 p−4 + 1 > p − 1 and c cannot divide p − 1. Thus, our assumption is refuted so M (k) ≤ 3.
The option (5) is considered similarly.
Exact values of M(k) for some even k
It is clear that in order to obtain the exact value M (k) for a given k it is sufficient to give an example of a run of consecutive integers having k divisors whose length is equal to the upper bound for M (k). The corresponding upper bounds are given in Corollary 1 and Theorems 1 and 2. Table 1 gives the exact values of all known M (k) for even k. Let us consider in more detail the rows of Table 1 from the bottom up. Let k be divisible by 4 and is not divisible by 3. The most difficult task is to find 7 consecutive numbers having k divisors where k has large prime factors. That is why Table 1 contains, for instance, 2560 but not 92.
In the process of searching such a chain we used a certain technique. Consider the search for a chain of 7 consecutive integers having k dividers, for the case k = 76.
Applying Chinese remainder theorem one can select the moduli so that each of 7 consecutive integers will be the product of a number having 38 divisors and some other one. For instance, taking a = 3 · 17 18 ,
(6)
To obtain the required run, it is sufficient to find j such that the numbers q ij are prime for all i ∈ {0, 1, 2, 3, 4, 5, 6}.
An empirical calculation of the probability shows that it would most likely take about 10 12 steps to find such j. Therefore, we preferred another method of searching the required run of consecutive integers having 76 divisors.
Let a = 3 · 11 18 , . Then for each j we have n j = 3 · 11 18 r 0j ; n j + 1 = 2 · 17 18 r 1j ; n j + 2 = 7 18 r 2j ; n j + 3 = 3 · 2 18 r 3j ; n j + 4 = 5 18 r 4j ; n j + 5 = 2 · 13 18 r 5j ; n j + 6 = 3 18 r 6j .
Positive integer j produces the required run if r 0j , r 1j , r 3j , r 5j are prime and r 2j , r 4j , r 6j are the products of two different primes. The probability of this event is much greater than the probabilty of simultaneous primality of numbers q ij in (6). Unfortunately, the factorization of numbers from the range of interest may take several hours (while primality testing is a very fast procedure). However we mostly avoided full factorization in our research. First of all note that each third multiple of 3 18 is divisible by 3 19 , each fifth multiple of 5 18 is divisible by 5 19 , and so on. Such a preliminary sieve immediately throws out about 64% of candidates of j.
The main filtation process verifies the primality of the numbers r 0j , r 1j , r 3j , r 5j using probabilistic tests. It speeds up the verification and does not lose the possible candidate numbers. The final set is checked using deterministic tests.
At the third stage, the partial factorization of r 2j , r 4j , r 6j is performed. We are only interested in composite numbers that do not have small prime factors and in numbers that have one small prime factor, provided that the remaining factor is also prime. This proves that M (76) = 7.
Let p be an odd prime. The method of finding 5 consecutive integers having 6p divisors is, in many respects, similar to the above case. But it requires the solution of the system of quadratic congruences.
Arguing as in the proof of Theorem 1, we come to the following system
2 ), 2q
where q 0 , q 1 , q 2 , q 3 , q 4 , r 0 , r 2 , r 4 some odd primes. If we let q 0 = 7, q 2 = 3, q 3 = 5, q 4 = 11, r 0 = 17, r 2 = 19, r 4 = 29 then (7) has solutions for all odd primes p and q 1 . Each solution of (7) gives a sequence of runs of consecutive integers such that n j = 7 18 17 2 s 0j ; n j + 1 = 2 · q 18 1 s 2 1j ; n j + 2 = 3 18 19 2 s 2j ; n j + 3 = 4 · 5 18 s 3j ; n j + 4 = 11 18 23 2 3 4j ; It remains to find j such that s 0j , s 1j , s 2j , s 3j , s 4j will be simultaneously prime.
The runs of 5 consecutive integers each with 6p divisors for p ∈ {5, 7, 11, 13, 17, 23, 31, 67} have been managed with applying system (7). The runs for p ∈ {19, 29, 37, 41, 43, 47, 53, 59, 61} have been managed with applying of another system similar to system (7).
The greatest amount of integers for which the exact value of M (k) is proved belong to classes of 2 and 10 modulo 12.
One can see that there are many k in Table 1 such that k = 2pq where gcd(p − 1, q − 1) = 4 while Theorem 2 provides M (k) ≤ 3 only for case gcd(p − 1, q − 1) > 4. The fact is that for each of such k, represented in Table 1 , the inequality M (k) ≤ 3 is easily verified.
Suppose, for example, k = 10858. We will keep the notation of Theorem 2. If there are exist 4 consecutive integers each with 10858 = 2 · 61 · 89 divisors then n 0 and n 2 are among these integers. Possible prime factorizations of n 0 are 2 88 r 60 0 s 0 or 2 60 r 88 0 s 0 (variants with fewer prime divisors are obviously not suitable). The possibilities for n 2 are 2r 60 2 s 88 2 and 2r 5428 2 . Therefore 
The only common divisor of factors on the right-hand side of equalities (8) and (9) is 2. The fact that none of the factors can be equal to either 2 57 or 2 85 can be verified directly. An updatable table containing the numbers opening the runs of M (k) consecutive equidivisible integers for every even k such that exact value of M (k) is proved is located at [5] . Note that for k = 2p this table represents the smallest numbers opening corresponding runs. These numbers are represented in the sequence A274639 at the OEIS ([6])
Long runs of equidivisible numbers
The results stated in Section 2 show that, M (k) can be greater than 7 only provided that k is multiple of 12. Firstly let k = 12.
Proof. Combining statements of Lemmas 1 and 2 we get inequality M (12) ≤ 23. Since congruence 8x 2 ≡ 24 (mod 32) has not solutions a run of 23 consecutive integers each with 12 divisors (if it exists) must open with number congruent to 25 modulo 32. Let n 25 , n 26 , . . . , n 15 (where n i is congruent to i modulo 32) are the numbers of such run. Then n 0 = 2 5 r 0 and n 8 = 8r 2 8 for some odd primes r 0 and r 8 .
One of three consecutive integers must be divisible by 3. If n 8 is multiple of 3 then n 8 = 72. But 72 does not belong to required run. Since congruence 8x 2 − 1 ≡ 0 (mod 3), n 7 cannot be multiple of 3. Proof. We continue to adhere to the notation adopted earlier.
As earlier we have n 8 = 8x 2 for some odd x and n 7 isn't divisible by 3.
1. Let n 6 is multiple of 3. Then we have 3 possibilities for n 0 : n 0 = 2 8 · 3r 0 ; n 0 = 2 5 · 9r 0 ; n 0 = 2 5 · 3r 2 0 . On other hand n 0 = n 8 − 8 = 8(x − 1)(x + 1). Let for instance 8(x − 1)(x + 1) = 2 8 · 3r 0 . Then x − 1 = 48, x + 1 = 2r 0 or x + 1 = 48, x − 1 = 2r 0 . Immediate inspection of each of these cases rules that n 0 does not belong to required run. The fact that the other two possibilities for n 0 are also impossible is proved similarly.
2. Let n 8 be a multiple of 3. Then it is multiple of 9. Hence n 2 = 6y 2 for some odd y. Therefore 6y 2 + 6 = 72x 2 , which has no integer solutions. starts a run of 11 consecutive numbers each with 36 divisors we obtain the required inequality.
The longest runs of consecutive equidivisible integers have been found for k = 24 and k = 48. Taking into account that the chains indicated in Lemmas 8 and 9 are the longest known one we will describe them in more detail. The prime factorizations of 17 numbers each with 24 divisors are:
The prime factorizations of 17 numbers each with 48 divisors are: To search these runs we have used the technique similar to described above:
• Applying the Chinese remainder theorem, an arithmetic progression was obtained, each term of which and the subsequent 16 integers are not square free.
• The preliminary filter provided the rejection of runs for which the numbers were divided into higher powers of primes than those required.
• Using probabilistic primality tests, we eliminated runs for which the remaining factor of at least one of the numbers n, n + 4, n + 10, n + 14 was not prime.
• Applying partial factorization to the remaining numbers of a run, we rejected those runs for which there are integers whose number of divisions cannot be equal to 24 (48).
• Finally we produced full factorization of all 17 integers for the runs which has not been eliminated earlier.
To find the runs of equidivisible integers longer than 31, we must consider k which is multiple of 120. However, with the current development of computer technology, finding such long runs seems unlikely.
